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The     gate

Single-qubit unitaries
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The         gates are universal for single-qubit unitaries!H,T



Two-qubit unitaries

The              gateCNOT

CNOT |00i = |00i CNOT |01i = |01i
CNOT |10i = |11i CNOT |11i = |10i

CNOT |xi|yi = |xi|x� yi

|xi is called control qubit
|yi is called target qubit
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Two-qubit unitaries

The              gateCNOT
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Universality

Any N-qubit unitary can be approximated 
to arbitrary precision with gates from the set:

{H,T,CNOT}

This includes classical circuits as well!

Quantum computers can implement  
any classical computation efficiently

The classical computation will be reversible



Let’s do some examples!
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Useful notation

| i ⌦ | i ⌦ ...⌦ | i = | i⌦N

N times
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Reverse is also true!

All gates we’ve seen, other than T, are self-inverse!



Measurement

Recall that measurements are performed in an 
orthonormal basis

For now, just consider measurements in the 
computational basis

{|0i, |1i}

{|00i, |01i, |10i, |11i}

{|xi}, with x 2 {0, 1}N



Measurement

So for some general N-qubit state…
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Boolean function unitary

f : {0, 1}N ! {0, 1}

Consider the (N+1)-qubit unitary

Uf

|xi

|yi

|xi

|y � f(x)i

N qubits

1 qubit

x 2 {0, 1}N , y 2 {0, 1}

Uf

|xi |xi

|0i |f(x)i



Boolean function unitary

Example for N=1

f : {0, 1} ! {0, 1}

f(x) = x
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Boolean function unitary

Example for N=1

f : {0, 1} ! {0, 1}

f(x) = x

|xi

|yi

|xi

|x� yi

It’s CNOT!



Boolean function unitary

Example for N=1

f : {0, 1} ! {0, 1}

Uf

|xi

|yi

|xi

|y � f(x)i

f(x) = 1



Boolean function unitary

Example for N=1

f : {0, 1} ! {0, 1}

Uf

|xi

|yi

|xi

f(x) = 1

|y � 1i



It’s           !

Boolean function unitary

Example for N=1

f : {0, 1} ! {0, 1}

|xi

|yi

|xi

f(x) = 1

|y � 1iX

I ⌦X



Deutsch-Josza problem

Suppose that…

is either constant or balanced

Constant: same value for all inputs 
Balanced: 0 for half of inputs, 1 for other half

f : {0, 1}N ! {0, 1}

How many queries to        to determine type?Uf

One!



Deutsch-Josza algorithm

Consider the following (N+1) qubit circuit
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If we measure all the first qubits as being 0 
we know the function is constant!



Deutsch-Josza algorithm
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Suppose function is balanced!

What is the probability of seeing the first N qubits as 0?



A trick
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A trick
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{|xi}, with x 2 {0, 1}NBut is an orthonormal basis

hy|xi = 0, y 6= x

hy|xi = 1, y = x

So the probability of seeing all 0 is:
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A trick

So the probability of seeing all 0 is:
1

2N

X

x2{0,1}N

(�1)f(x)

But the function is balanced!

Half of the terms will be +1, half will be -1

The probability is 0!

Interference



Deutsch-Josza algorithm
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Measure first N qubits

If all zeroes, then function is constant
Otherwise, function is balanced

We have just implemented interf
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