Quantum Computation & Cryptography
Day 2

How to make a physical theory |01

Andru Gheorghiu



Our goal today will be to understand this...
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Characteristics of a physical theory

* Expressed in mathematics
* |deally all aspects of theory are rigorously defined and consistent

 Can be used to make testable predictions

Newtonian (classical) Quantum mechanics
mechanics
Relativity theory Electrodynamics
Thermodynamics Quantum field theory

Quantum gravity?



A physicist’s dream theory
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Transformations

Composition

Observation
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N time
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A physicist’s dream theory

States S S sed
Transformations o——o S—S
0 -

Composition SaB =84 ® Sp
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Observation S —R
(measurement) o S xR —1[0,1]



Classical mechanics

States S =R 5= ((11,(127 s gqN,P1, P2, ---PN)
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Classical mechanics

States S =R¥WN 5= ((11,(127 N, P1, P2, ---PN)
a = (¢,47,...¢") pi = (p;,p3,..p%)
Transformations H(qi,...qn,P1,..-PN, )

dp __OH dq _0H
dt  O0q dt Op

Composition

Observation
(measurement)



Classical mechanics

States S=R* s=(qi1,9,-,9N,P1, P2, ---PN)

Transformations H(qi,...qn,P1,..-PN, )

dp 0H dq OH
s—.—(q,p) dt ~  dq dt  Op

Composition

Observation
(measurement)



Classical mechanics

States S=R* s=(qi1,9,-,9N,P1, P2, ---PN)

Transformations H(qi,...qn,P1,..-PN, )

dp 0H dq OH
S_r(q’p) dt ~  dq dt Op

Composition San =Su xSk

SAB — SA * SB

Pretty much any “well-behaved”

Observation function of the form:
(measurement) f:SSR



Classical mechanics

States S=R* s=(qi1,9,-,9N,P1, P2, ---PN)

Transformations H(qi,...qn,P1,..-PN, )

dp 0H dq OH
° t(q,p) dt ~  dq dt  Op

Composition ¢ = _ ¢ s,

SAB — SA * SB

Observation E.g.

(measurement) Posl(s)=¢q Momi(s)=p]

(/ (/
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Example
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Example
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N particles N states

non-interacting
What if the particles interact?
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Example
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Example
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N states

Hamiltonian can have local terms and interaction terms

p2
— acts only on state |
G| T ‘ acts on states i and | together
', — I'j

Imagine we can turn on/oft the interaction terms
whenever we wanted to



Example

N states
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Transformations

Composition

Observation
(measurement)
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Binary o X

strings 5=10.1}

Boolean logic
gates




States

Transformations

Composition

Observation
(measurement)

Computation

Binary o X
strings =101} ‘ ‘

Boolean logic a a
gates b —(a A b)

Cartesian S84 =1{0,1} Sap =854 X Sp
product S =10,1} Ssp = {00,01,

10,11}
‘_.a




Quantum mechanics

States Unit vectors in a V) € H
complex vector space  ||[¥)|]* =1
Transformations Schrédinger’s HIp) — - dl)
eqguation dt
Composition Tensor product  Hap = Ha @ Hp

Observation
(measurement)

||
S

Hermitian operators O



Quantum states

One qubit dim(H) = 2

D

=
) = a|0) + B[1)
a? 4+ |B° =1

) = €' ?l)



Quantum states
One qutrit dim(H) =3
Three level guantum systems

Can't really represent them with polarisation
) = al0) + B[1) +7(2)
o +18]* + [7[F =1

We almost never talk about qutrits :(



Quantum states

Two qubits dim(H) = 4
) = apo|00) + a01|01) + @10/10) + a11]11)




Quantum states
N qubits dim(H) = 2~

1) = |00...0) + a1]00...1) + ... + agn _q|11...1)

2N _1q
D> ol =
1=0
&
1 % % o
‘¢> — : <¢‘ — ( &y Oy OoN _q
oN _1q



Inner products

All bases we consider should be orthonormal
) = Z i)

It IS the case that
Vi, jst. ¢ # g, (1j) = (li) =0
Vi, (i) =1

Note that:
<ZW> — Yy
($]@) = (@lh)”



Composition
Ha dim(Ha) =m
V)4 =aol0)a +ai|l)a+ ...+ am_1lm—1)4
Hp  dim(Hg) = n
Y)p = 5ol0)p + B1|l)g + ... + Bn—1ln — 1)

Hap=Ha X Hp

dim(HAB) —m - -n

V) aB = Y00|0)A|0)B +701|0)a|1l)B + ...

e+ Yt |m = 1) aln— 1)



Composition

¢>A — (X O>A T 041|1>A T e T am_l\m— 1>A

V) = Bo|0)B + B1|1)B + ... + Bn1|n —1)B

What if we put these states together?

P)alP)s=1P)a® V)8
= 0B0[0)a|0)p + ... + aiBjli)ali) B + -

o+ 1 Bn_1lm — Daln — 1) p
f |)aB = |¥)al¥)B
Vi = Qif3;

In general this might not be the case!



Entanglement

1 1
E|O>A‘O>B | \/5\1>A|1>B

Suppose [¥)ap = V) alY) B
V)a = ap|0)a + a1[1)a
V) = Bol0)B + B1]1)B

|¢>AW>B — 04050|0>A|O>B =+ 04051|0>A\1 BT
+a160/1)4|0)p + a1 51]1)a|l) B

V) A =

)
)
apfbo = a1 =1 apfB1 = agfr = 0

Contradiction!



Entanglement

%mmom NI

V2

V) A =

This is called a Bell state
(more on Day 4)

Entanglement is a sort of holism of quantum states
Whole cannot be expressed in terms of its parts

This generalises to multiple systems



Transformations

L djY)
Hp) =1 o

It you solve the equation...

Y(t)) = e M (0))

_iHt/h

e 'S a unitary matrix

UUT =UU =1

T means transpose & complex conjugate



Transformations

(Ual)a) @ (Upl)B) = |9)Al0) B
(Ua®@Ug)|Y)alY)B = |0)ald) B

— Up —



Transformations

Butwhatis Uy @ Ug ?

_ aip as L bl b2
(i) e ()

albl a1b2 a2b1 agbg
aibs  aibs agbs  azba
asb1  asbo
asbs  asby

UsRQUpg =

This generalises for different dimensions
and multiple tensor products



Transformations

Note that we might have...

.-
-

Just like entangled states, these are
entangling gates/operations

Can be written as...

Usp=U@Up+...+Uy U

We'll see an example later



Transformations

V) A
®) aB

0)ap = Uapl|Y)al¥) B

[¢)ap is entangled | ap #
Note that unitaries are invertib

Ul 5ld)an = [¥)alt) s

1) A
®)AB
|

P)alP) B

e, S0...



Transformations

V) AB I 9)

UaB|¥)aB = |®)aB

AB

What Is UAB?
Uap=Us®1

Not the same as...
I ®@Ugy

What is U, , ?
Ulg=U\®I



Transformations

P)ap = (SOT)(X ® Z)|9P)alv) B
9)ap = (SX) @ (TZ)|)al¥) B

) ap = SX|Y)a @ TZ|Y)p

Always keep track of which operation acts
on which system!



Observables

Let O be an m x m matrix such that O = O

This condition Is equivalent to:
O has only real eigenvalues

It O has eigenvectors

v1), [v2), ... |Um)

Then it I1s the case that
Vi,j s.t. @ # 3, (vilvj) =0
We can also normalise the vectors, so that
Vi, (vi|vi) =1



Observables

Let O be an m x m matrix such that O = O

This condition Is equivalent to:
O has only real eigenvalues

The eigenvectors of O form an orthogonal basis
(that can be made orthonormal)

Any state on an m-dimensional space can be written as
) = Z i|vi)

What does all this have to do with measurement?



Observables

f you measure the state |1) with observable O

having eigenvalues...

A, A2,y o A,
and eigenvectors...

v1), [v2), | Um )

You will observe A; with probability |<vi\¢>|2

and the state becomes (collapses to) |v;)



Observables

O
) —> \; with probability |(v;|)|?

What if we have degeneracy”?
Ai = Aj (1 #7)

We get outcome A; = \; with probability \(v@-|¢>\2 + \(vjw>|2

State collapses to

(il¥) |vi) + (vj|Y) vs)
V {wil) 2 + (i) |2




Observables

What about this...
O 4

1)) aB

0):

OAB — OA X OB
Has eigenvalues A4\ g, A%, ...
And eigenvectors |v1)alwi)B, |v1)alw2) B, ..

Where Xy and |v;) 4 are the eigenvalues, eigenvectors of O4
Where X5 and |w;) gare the eigenvalues, eigenvectors of Op



Putting it all together

Quantum gates
CO,ZN—l

Co.0
Ci1.0

Con_1 0

Cion_1

SlS=]S]=

v

Measurement

qb() 2 — 00...0
¢1 2 00...1

Con_19ov_1 J|on 12 — 11...1

¢) = Cly)

) — bybs...by



References and resources

An awesome course that views things operationally
(categorical quantum mechanics)
hitp://www.inf.ed.ac.uk/teaching/courses/cqi/

Operational theories
https://www.cs.ox.ac.uk/people/sean.tull/
OpTheoriesAsCats.pdf
https://arxiv.org/pdf/quant-ph/0508211.pdf

https://foundations.ethz.ch/wp-content/uploads/2017/06/
reconstructions.pdf

Quantum mechanics from operational principles
https://arxiv.org/abs/1303.1538
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