
Quantum Computation & Cryptography 
Day 2

How to make a physical theory 101

Andru Gheorghiu



Our goal today will be to understand this…



Physics

Observation

Mathematical 
modelling

Experiments



Characteristics of a physical theory

• Expressed in mathematics 

• Ideally all aspects of theory are rigorously defined and consistent 

• Can be used to make testable predictions

Newtonian (classical) 
mechanics

Relativity theory

Thermodynamics

Electrodynamics

Quantum mechanics

Quantum field theory

Quantum gravity?



A physicist’s dream theory

States

Transformations

Composition

Observation
(measurement)

S

S ! R

s 2 SRepresenting the 
state of the system

Changing states 
in time

The state of  
multiple systems

Observing physical 
properties

S ! S

SAB = SA ⌦ SB

S ⇥ R ! [0, 1]
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A physicist’s dream theory

States

Transformations

Composition

Observation
(measurement)

S

S ! S

SAB = SA ⌦ SB

S ! R

s 2 S

S ⇥ R ! [0, 1]
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Classical mechanics

qi = (q1i , q
2
i , ...q

d
i ) pi = (p1i , p

2
i , ...p

d
i )

S = RdN

H(q1, ...qN ,p1, ...pN , t)

dp
j
i

dt
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@q
j
i

dq
j
i

dt
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@p
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i

States

Transformations

Composition

Observation
(measurement)

s = (q1,q2, ...,qN ,p1,p2, ...pN )



Classical mechanics

qi = (q1i , q
2
i , ...q

d
i ) pi = (p1i , p

2
i , ...p

d
i )

S = RdN
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States
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Observation
(measurement)

dp

dt
= �@H
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=
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s = (q1,q2, ...,qN ,p1,p2, ...pN )



Classical mechanics

qi = (q1i , q
2
i , ...q

d
i ) pi = (p1i , p

2
i , ...p

d
i )

S = RdN

H(q1, ...qN ,p1, ...pN , t)

States

Transformations

Composition

Observation
(measurement)

s = (q1,q2, ...,qN ,p1,p2, ...pN )

(q,p)s t
dp

dt
= �@H

@q

dq

dt
=

@H

@p



Classical mechanics

qi = (q1i , q
2
i , ...q

d
i ) pi = (p1i , p

2
i , ...p

d
i )

S = RdN

H(q1, ...qN ,p1, ...pN , t)

States

Transformations

Composition

Observation
(measurement)

s = (q1,q2, ...,qN ,p1,p2, ...pN )

SAB = SA ⇥ SB sAB = sA · sB

(q,p)s t

Pretty much any “well-behaved”  
function of the form:

f : S ! R

dp

dt
= �@H

@q

dq

dt
=

@H

@p



Classical mechanics

qi = (q1i , q
2
i , ...q

d
i ) pi = (p1i , p

2
i , ...p

d
i )

S = RdN

H(q1, ...qN ,p1, ...pN , t)

States

Transformations

Composition

Observation
(measurement)

s = (q1,q2, ...,qN ,p1,p2, ...pN )

SAB = SA ⇥ SB sAB = sA · sB

(q,p)s t

E.g.

Posji (s) = qji Momj
i (s) = pji

dp

dt
= �@H

@q

dq

dt
=

@H

@p



Example

...

N particles 
non-interacting

N states

si = (ri,pi)

..
. ..
.

Evolution for time t

H =
NX

i=1

p2
i

2mi



Example

...

N particles 
non-interacting

N states

si = (ri,pi)

..
. ..
.p2

i

2mi

Can also be one  
big measurement



Example

...

N particles 
non-interacting

N states

si = (ri,pi)

..
.p2

i

2mi



Example

...

N particles 
non-interacting

N states

si = (ri,pi)

..
.p2

i

2mi

What if the particles interact?



Example

...

N interacting 
particles

N states

si = (ri,pi)

..
. ..
.

Evolution for time t

H =
NX

i=1

p2
i

2mi
+ V (r,p)



Example

...

N interacting 
particles

N states

si = (ri,pi)

..
. ..
.

Evolution for time t

Gravitational interaction

H =
NX

i=1

p2
i

2mi
+

NX

i,j=1

G
mimj

|ri � rj |
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Example

...

N states

Hamiltonian can have local terms and interaction terms

p2
i

2mi
acts only on state i

acts on states i and j together

Imagine we can turn on/off the interaction terms 
whenever we wanted to

G
mimj

|ri � rj |
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Example

...

N states

..
.

..
.

Local term Interaction term



Computation

States

Transformations

Composition

Observation
(measurement)

Binary 
strings S = {0, 1}⇤ 0 1

Boolean logic 
gates 0 1NOT



Computation

States

Transformations

Composition

Observation
(measurement)

Binary 
strings S = {0, 1}⇤ 0 1

Boolean logic 
gates

a

b ¬(a ^ b)

aN
A
N
D

Cartesian 
product

SA = {0, 1}
SB = {0, 1}

SAB = SA ⇥ SB

SAB = {00, 01,
10, 11}

a a



Quantum mechanics

States

Transformations

Composition

Observation
(measurement)

| i 2 HUnit vectors in a  
complex vector space

Schrödinger’s 
equation

Tensor product

Hermitian operators

|| i|2 = 1

H| i = i~d| i
dt

HAB = HA ⌦HB

O = O
†



Quantum states

One qubit dim(H) = 2

| i = ↵|0i+ �|1i

|↵|2 + |�|2 = 1

= +↵ �

| i ⌘ ei�| i



Quantum states

One qutrit dim(H) = 3

Three level quantum systems

Can’t really represent them with polarisation

| i = ↵|0i+ �|1i+ �|2i

|↵|2 + |�|2 + |�|2 = 1

We almost never talk about qutrits :(



Quantum states

Two qubits dim(H) = 4

| i = ↵00|00i+ ↵01|01i+ ↵10|10i+ ↵11|11i
X

i,j2{0,1}

|↵ij |2 = 1

= +

++

↵00 ↵01

↵10 ↵11



Quantum states

N qubits dim(H) = 2N

| i = ↵0|00...0i+ ↵1|00...1i+ ...+ ↵2N�1|11...1i

| i =

0

BBB@

↵0

↵1
...

↵2N�1

1

CCCA h | =
�
↵⇤
0 ↵⇤

1 · · · ↵⇤
2N�1

�

h | i = 1

2N�1X

i=0

|↵i|2 = 1
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Inner products

All bases we consider should be orthonormal

| i =
X

i

↵i|ii

It is the case that

8i, j s.t. i 6= j, hi|ji = hj|ii = 0

8i, hi|ii = 1

Note that:

h |�i = h�| i⇤
hi| i = ↵i



Composition
dim(HA) = m

dim(HB) = n

| iA = ↵0|0iA + ↵1|1iA + ...+ ↵m�1|m� 1iA

HA

HB

HAB = HA ⌦HB

dim(HAB) = m · n

| iAB = �00|0iA|0iB + �01|0iA|1iB + ...

...+ �m�1,n�1|m� 1iA|n� 1iB

| iB = �0|0iB + �1|1iB + ...+ �n�1|n� 1iB



Composition
| iA = ↵0|0iA + ↵1|1iA + ...+ ↵m�1|m� 1iA
| iB = �0|0iB + �1|1iB + ...+ �n�1|n� 1iB

What if we put these states together?

| iA| iB
<latexit sha1_base64="L1lhIls1PwW7EvMME+q6GTfTvZQ=">AAACCnicbVBNS8NAEJ34WetX1KOX1SJ4KokIeqz14rGC/YAmhM120y7dbMLuRiixZy/+FS8eFPHqL/Dmv3Hb5qCtDwYe780wMy9MOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxxeT/z2PZWKJeJOj1Lqx7gvWMQI1kYK7KMH5KWKIU9i0ec0uEJzQj2wK07VmQItErcgFSjQCOwvr5eQLKZCE46V6rpOqv0cS80Ip+OylymaYjLEfdo1VOCYKj+fvjJGJ0bpoSiRpoRGU/X3RI5jpUZxaDpjrAdq3puI/3ndTEeXfs5EmmkqyGxRlHGkEzTJBfWYpETzkSGYSGZuRWSAJSbapFc2IbjzLy+S1lnVdaru7XmlVi/iKMEhHMMpuHABNbiBBjSBwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8AfRGmcg=</latexit><latexit sha1_base64="L1lhIls1PwW7EvMME+q6GTfTvZQ=">AAACCnicbVBNS8NAEJ34WetX1KOX1SJ4KokIeqz14rGC/YAmhM120y7dbMLuRiixZy/+FS8eFPHqL/Dmv3Hb5qCtDwYe780wMy9MOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxxeT/z2PZWKJeJOj1Lqx7gvWMQI1kYK7KMH5KWKIU9i0ec0uEJzQj2wK07VmQItErcgFSjQCOwvr5eQLKZCE46V6rpOqv0cS80Ip+OylymaYjLEfdo1VOCYKj+fvjJGJ0bpoSiRpoRGU/X3RI5jpUZxaDpjrAdq3puI/3ndTEeXfs5EmmkqyGxRlHGkEzTJBfWYpETzkSGYSGZuRWSAJSbapFc2IbjzLy+S1lnVdaru7XmlVi/iKMEhHMMpuHABNbiBBjSBwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8AfRGmcg=</latexit><latexit sha1_base64="L1lhIls1PwW7EvMME+q6GTfTvZQ=">AAACCnicbVBNS8NAEJ34WetX1KOX1SJ4KokIeqz14rGC/YAmhM120y7dbMLuRiixZy/+FS8eFPHqL/Dmv3Hb5qCtDwYe780wMy9MOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxxeT/z2PZWKJeJOj1Lqx7gvWMQI1kYK7KMH5KWKIU9i0ec0uEJzQj2wK07VmQItErcgFSjQCOwvr5eQLKZCE46V6rpOqv0cS80Ip+OylymaYjLEfdo1VOCYKj+fvjJGJ0bpoSiRpoRGU/X3RI5jpUZxaDpjrAdq3puI/3ndTEeXfs5EmmkqyGxRlHGkEzTJBfWYpETzkSGYSGZuRWSAJSbapFc2IbjzLy+S1lnVdaru7XmlVi/iKMEhHMMpuHABNbiBBjSBwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8AfRGmcg=</latexit><latexit sha1_base64="L1lhIls1PwW7EvMME+q6GTfTvZQ=">AAACCnicbVBNS8NAEJ34WetX1KOX1SJ4KokIeqz14rGC/YAmhM120y7dbMLuRiixZy/+FS8eFPHqL/Dmv3Hb5qCtDwYe780wMy9MOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxxeT/z2PZWKJeJOj1Lqx7gvWMQI1kYK7KMH5KWKIU9i0ec0uEJzQj2wK07VmQItErcgFSjQCOwvr5eQLKZCE46V6rpOqv0cS80Ip+OylymaYjLEfdo1VOCYKj+fvjJGJ0bpoSiRpoRGU/X3RI5jpUZxaDpjrAdq3puI/3ndTEeXfs5EmmkqyGxRlHGkEzTJBfWYpETzkSGYSGZuRWSAJSbapFc2IbjzLy+S1lnVdaru7XmlVi/iKMEhHMMpuHABNbiBBjSBwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8AfRGmcg=</latexit>

= | iA ⌦ | iB
<latexit sha1_base64="m23kCJuGWvzSKOI4J4tD1tAlLRE=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBZBEEoigl6EWi8eK9gPaELYbCft0s0m7G6EUvsjvPhXvHhQxKsHb/4bt20O2vpg4PHeDDPzwpQzpR3n2yosLa+srhXXSxubW9s79u5eUyWZpNCgCU9kOyQKOBPQ0ExzaKcSSBxyaIWD64nfugepWCLu9DAFPyY9wSJGiTZSYJ9c4gfspYphTxLR4xBcYS/RLAY1b9QCu+xUnCnwInFzUkY56oH95XUTmsUgNOVEqY7rpNofEakZ5TAueZmClNAB6UHHUEHMVn80fWqMj4zSxVEiTQmNp+rviRGJlRrGoemMie6reW8i/ud1Mh1d+CMm0kyDoLNFUcaxTvAkIdxlEqjmQ0MIlczcimmfSEK1ybFkQnDnX14kzdOK61Tc27NytZbHUUQH6BAdIxedoyq6QXXUQBQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AEaKdlg==</latexit><latexit sha1_base64="m23kCJuGWvzSKOI4J4tD1tAlLRE=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBZBEEoigl6EWi8eK9gPaELYbCft0s0m7G6EUvsjvPhXvHhQxKsHb/4bt20O2vpg4PHeDDPzwpQzpR3n2yosLa+srhXXSxubW9s79u5eUyWZpNCgCU9kOyQKOBPQ0ExzaKcSSBxyaIWD64nfugepWCLu9DAFPyY9wSJGiTZSYJ9c4gfspYphTxLR4xBcYS/RLAY1b9QCu+xUnCnwInFzUkY56oH95XUTmsUgNOVEqY7rpNofEakZ5TAueZmClNAB6UHHUEHMVn80fWqMj4zSxVEiTQmNp+rviRGJlRrGoemMie6reW8i/ud1Mh1d+CMm0kyDoLNFUcaxTvAkIdxlEqjmQ0MIlczcimmfSEK1ybFkQnDnX14kzdOK61Tc27NytZbHUUQH6BAdIxedoyq6QXXUQBQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AEaKdlg==</latexit><latexit sha1_base64="m23kCJuGWvzSKOI4J4tD1tAlLRE=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBZBEEoigl6EWi8eK9gPaELYbCft0s0m7G6EUvsjvPhXvHhQxKsHb/4bt20O2vpg4PHeDDPzwpQzpR3n2yosLa+srhXXSxubW9s79u5eUyWZpNCgCU9kOyQKOBPQ0ExzaKcSSBxyaIWD64nfugepWCLu9DAFPyY9wSJGiTZSYJ9c4gfspYphTxLR4xBcYS/RLAY1b9QCu+xUnCnwInFzUkY56oH95XUTmsUgNOVEqY7rpNofEakZ5TAueZmClNAB6UHHUEHMVn80fWqMj4zSxVEiTQmNp+rviRGJlRrGoemMie6reW8i/ud1Mh1d+CMm0kyDoLNFUcaxTvAkIdxlEqjmQ0MIlczcimmfSEK1ybFkQnDnX14kzdOK61Tc27NytZbHUUQH6BAdIxedoyq6QXXUQBQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AEaKdlg==</latexit><latexit sha1_base64="m23kCJuGWvzSKOI4J4tD1tAlLRE=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBZBEEoigl6EWi8eK9gPaELYbCft0s0m7G6EUvsjvPhXvHhQxKsHb/4bt20O2vpg4PHeDDPzwpQzpR3n2yosLa+srhXXSxubW9s79u5eUyWZpNCgCU9kOyQKOBPQ0ExzaKcSSBxyaIWD64nfugepWCLu9DAFPyY9wSJGiTZSYJ9c4gfspYphTxLR4xBcYS/RLAY1b9QCu+xUnCnwInFzUkY56oH95XUTmsUgNOVEqY7rpNofEakZ5TAueZmClNAB6UHHUEHMVn80fWqMj4zSxVEiTQmNp+rviRGJlRrGoemMie6reW8i/ud1Mh1d+CMm0kyDoLNFUcaxTvAkIdxlEqjmQ0MIlczcimmfSEK1ybFkQnDnX14kzdOK61Tc27NytZbHUUQH6BAdIxedoyq6QXXUQBQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AEaKdlg==</latexit>

= ↵0�0|0iA|0iB + ...+ ↵i�j |iiA|jiB + ...
<latexit sha1_base64="fICkGZICjxqQ3NfM/3SPxemzMhg="></latexit><latexit sha1_base64="fICkGZICjxqQ3NfM/3SPxemzMhg="></latexit><latexit sha1_base64="fICkGZICjxqQ3NfM/3SPxemzMhg="></latexit><latexit sha1_base64="fICkGZICjxqQ3NfM/3SPxemzMhg="></latexit>

...+ ↵m�1�n�1|m� 1iA|n� 1iB
<latexit sha1_base64="Qasdj0zdoNvClNqGnBnCYVBiWyo="></latexit><latexit sha1_base64="Qasdj0zdoNvClNqGnBnCYVBiWyo="></latexit><latexit sha1_base64="Qasdj0zdoNvClNqGnBnCYVBiWyo="></latexit><latexit sha1_base64="Qasdj0zdoNvClNqGnBnCYVBiWyo="></latexit>

If | iAB = | iA| iB

�i,j = ↵i�j

In general this might not be the case!



Entanglement

| iAB =
1p
2
|0iA|0iB +

1p
2
|1iA|1iB

Suppose | iAB = | iA| iB

| iA = ↵0|0iA + ↵1|1iA

| iB = �0|0iB + �1|1iB

| iA| iB = ↵0�0|0iA|0iB + ↵0�1|0iA|1iB+

+↵1�0|1iA|0iB + ↵1�1|1iA|1iB

↵0�0 = ↵1�1 = 1 ↵0�1 = ↵0�1 = 0

Contradiction!



Entanglement

| iAB =
1p
2
|0iA|0iB +

1p
2
|1iA|1iB

This is called a Bell state 
(more on Day 4)

Entanglement is a sort of holism of quantum states

Whole cannot be expressed in terms of its parts

This generalises to multiple systems



Transformations

H| i = i~d| i
dt

If you solve the equation…

| (t)i = e�iHt/~| (0)i

e�iHt/~ is a unitary matrix

UU† = U †U = I

† means transpose & complex conjugate



Transformations

| i |�iU

U | i = |�i

| iA

| iB

UA

|�iB

|�iA

UB

(UA| iA)⌦ (UB | iB) = |�iA|�iB

(UA ⌦ UB)| iA| iB = |�iA|�iB

UA ⌦ UB =
UA

UB



Transformations

But what is UA ⌦ UB ?

UA =

✓
a1 a2
a3 a4

◆
UB =

✓
b1 b2
b3 b4

◆

UA ⌦ UB =

0

BB@

a1b1 a1b2 a2b1 a2b2
a1b3 a1b4 a2b3 a2b4
a3b1 a3b2 a4b1 a4b2
a3b3 a3b4 a4b3 a4b4

1

CCA

This generalises for different dimensions 
and multiple tensor products



Transformations

Note that we might have…

UA

UB

UAB 6=

Just like entangled states, these are 
entangling gates/operations

Can be written as…
UAB = U1

A ⌦ U1
B + ...+ Um

A ⌦ Un
B

We’ll see an example later



Transformations

UAB

| iA

| iB
|�iAB

|�iAB = UAB | iA| iB
|�iAB is entangled
Note that unitaries are invertible, so…

|�iAB 6= |�iA|�iB

U †
AB |�iAB = | iA| iB

| iA

| iB
|�iAB U †

AB



Transformations

UA
| iAB |�iAB

UAB | iAB = |�iAB

What is         ?UAB

UAB = UA ⌦ I

Not the same as…
I ⌦ UA

U†
AB = U †

A ⌦ I

What is         ?U †
AB



Transformations

|�iAB

| iA

| iB T

X

Z

S

|�iAB = (S ⌦ T )(X ⌦ Z)| iA| iB

|�iAB = (SX)⌦ (TZ)| iA| iB

|�iAB = SX| iA ⌦ TZ| iB

Always keep track of which operation acts 
on which system!



Observables

This condition is equivalent to:

O has only real eigenvalues

If      has eigenvectorsO

|v1i, |v2i, ...|vmi

Then it is the case that
8i, j s.t. i 6= j, hvi|vji = 0

O = O
†Let     be an             matrix such thatO m⇥m

We can also normalise the vectors, so that
8i, hvi|vii = 1



Observables

This condition is equivalent to:

O has only real eigenvalues

O = O
†Let     be an             matrix such thatO m⇥m

The eigenvectors of      form an orthogonal basis 
(that can be made orthonormal)

O

Any state on an m-dimensional space can be written as

| i =
X

i

↵i|vii

What does all this have to do with measurement?



Observables

having eigenvalues…

�1,�2, ...�m

and eigenvectors…

|v1i, |v2i, ...|vmi

If you measure the state       with observable O| i

�iYou will observe      with probability |hvi| i|2

and the state becomes (collapses to) |vii



Observables

| i
O

�i with probability |hvi| i|2

What if we have degeneracy?
�i = �j (i 6= j)

We get outcome �i = �j with probability |hvi| i|2 + |hvj | i|2

State collapses to

hvi| i |vii+ hvj | i |vjip
|hvi| i|2 + |hvi| i|2



Observables

What about this…

| iAB

OA

OB

OAB = OA ⌦OB

Has eigenvalues �1
A�

1
B ,�

1
A�

2
B , ...

|v1iA|w1iB , |v1iA|w2iB , ...And eigenvectors
�i
A |viiAWhere      and         are the eigenvalues, eigenvectors of OA

Where      and          are the eigenvalues, eigenvectors ofOB|wiiB�i
B



Putting it all together

Qubits Quantum gates Measurement

| i |�i = C| i |�i ! b1b2...bN

0

BBB@

 0

 1
...

 2N�1

1

CCCA

0

BBB@

C0,0 · · · C0,2N�1

C1,0 · · · C1,2N�1
...

...
C2N�1,0 · · · C2N�1,2N�1

1

CCCA

|�0|2 ! 00...0
|�1|2 ! 00...1

...
|�2N�1|2 ! 11...1
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